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An exact correspondence is shown between a new moving mirror trajectory in
(1+1)D and a spacetime in (1+1)D in which a black hole forms from the collapse of
a null shell. It is shown that the Bogolubov coefficients between the “in” and “out”
states are identical and the exact Bogolubov coefficients are displayed. Generaliza-
tion to the (3+1)D black hole case is discussed.
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2One motivation for studying the particle production from an accelerating mirror in
(1+1)D is that if the non-uniformly accelerated trajectory is asymptotically null, the parti-
cles are emitted at late times in a thermal distribution.[1, 2] This is exactly what happens to
the radiation emitted at late times after a black hole forms from collapse.[3] This provides
a well-known correspondence between accelerating mirrors and black holes. An interesting
question is whether there are mirror trajectories for which the entire history of the particle
creation from its initial non-thermal phase to its late time thermal distribution corresponds
to the entire history of the particle creation from a spacetime in which a black hole forms
from collapse.
Here we show a specific example in which this is the case. The model for gravitational
collapse consists of a collapsing shell with a null trajectory. The spacetime geometry inside
the shell is flat while the geometry outside the shell is the usual Schwarzschild geometry.
The trajectory for the mirror is a simple modification of one that was discovered in Ref. [4].
The mirror begins at rest at x = +∞ and accelerates in a monotonic fashion, asymptotically
approaching v = v0 with v = t+ x.
v= v0
uin = vH
uout = ∞
I −L
I +L
I −R
I +R
FIG. 1: Penrose diagram for a 2D black hole that forms from the collapse of a null shell along
the trajectory v = v0. The Cauchy surface used to compute the Bogolubov coefficients is shown in
red. Note that the horizon is the future light cone of the point (uin = vH ≡ v0 − 4M , v = v0).
The Penrose diagram for the (1+1)D spacetime with a collapsing null shell is shown in
Fig. 1. We work with a massless minimally coupled scalar field. Inside the shell the space
3is flat. The “in” modes are normalized on I − in the same way the Minkowski modes are
normalized there in flat space. Thus everywhere inside the shell the modes are the same as
they are in flat space with the result that(
uinω′
)
R
=
e−iω
′v
√
4piω′
(1a)
(
uinω′
)
L
=
e−iω
′uin
√
4piω′
(1b)
with v = t+r and uin = t−r. There will also be a complete set of “out” modes with subsets
which have three different late time behaviors. Some of the modes end on I +L , others go
through the future horizon and end up at the singularity, and the rest end on I +R . We shall
focus on the latter subset. In the Schwarzschild region outside the shell these modes are(
uI
+
ω
)
R
=
e−iωuout√
4piω
. (2)
Here uout = ts − r∗, with ts the time in the usual Schwarzschild coordinates and r∗ ≡
r + 2M log[(r − 2M)/(2M)].
To compute the number of particles produced which reach I +R we write(
uI
+
ω
)
R
=
∫ ∞
0
dω′[αωω′
(
uinω′
)
L
+ βωω′
(
uinω′
)∗
L
] (3)
The Bogolubov coefficients can be obtained in the usual way using the scalar product [8]
(φ1, φ2) = −i
∫
dΣ
√
gΣn
a[φ1∇aφ∗2 − (∇aφ1)φ∗2] (4)
with Σ a Cauchy surface and na the unit normal to that surface. We can choose the surface
that consists of v = v0 plus the part of I
−
R with v > v0 and I
+
L , which is shown in red
in the Penrose diagram in Fig. 1. The modes
(
uI
+
ω
)
R
are nonzero only on the part of the
Cauchy surface with v = v0 which is outside the event horizon. To do the matching we need
to connect the inside and outside coordinates. We do so by letting r be continuous across
the surface. Then [5]
uout = ts − r∗ = uin − 4M log
[
vH − uin
4M
]
(5)
where vH ≡ v0−4M . After some calculation, the details of which will be given elsewhere [6],
we find
αωω′ = − 2M
√
ωω′
pi(ω − ω′) e
−i(ω−ω′)vH [−4Mi(ω − ω′)]−4Mωi Γ(4Mωi) (6a)
βωω′ = − 2M
√
ωω′
pi(ω + ω′)
e−i(ω+ω
′)vH [−4Mi(ω + ω′)]−4Mωi Γ(4Mωi) . (6b)
4Next consider an accelerating mirror in (1+1)D flat space with a quantized massless
scalar field which vanishes at the location of the mirror. It is well known [7] that the “in”
modes are
(uinω′)mirror =
1√
4piω′
(
e−iω
′v − e−iω′p(u)
)
, (7)
and the “out” modes which approach I +R are
(uoutω )mirror =
1√
4piω
(
e−iωf(v) θ(vH − v)− e−iωu
)
, (8)
where the ray tracing functions p(u) and f(v) are defined so that at the location of the mirror
p(u) = v and f(v) = u. To compute the amount of particle production that occurs one can
expand (uoutω )mirror in terms of (u
in
ω′)mirror in the same way as was done for the spacetime
with a null shell. Computing the scalar product by integrating over the surface I − gives
expressions for αωω′ and βωω′ .
A slight modification of the Omex trajectory in Ref. [4] gives
z(t) = vH − t− W (2e
2κ(vH−t))
2κ
, (9)
with W the Lambert W function and κ and vH constants. A transcendental inversion gives
f(v) = v − 1
κ
log[κ(vH − v)] . (10)
Again writing the “out” modes which are normalized on I +R and vanish on I
+
L , in terms of
the “in” modes which are normalized on I −, one can use the scalar product computed on
I − and obtain for κ = (4M)−1 values for αωω′ and βωω′ which are the same as those in (6)
for the spacetime with a collapsing null shell.
The (3+1)D version of a black hole that forms from the collapse of a null shell differs
somewhat from the (1+1)D version although there are many similarities. The late time
Hawking radiation for this model has been discussed in [5, 9]. In (3+1)D there are scattering
effects due to the spacetime geometry and the angular momentum (if it is nonzero) of the
mode function. The Penrose diagram is also somewhat different. However, as will be shown
elsewhere [6], if scattering effects are ignored then the Bogolubov coefficients are given by
the same expressions as in (6) to within an overall, irrelevant, minus sign.
We have shown that in (1+1) D there is an exact one to one correspondence between the
particle production that occurs for a massless minimally coupled scalar field when a black
5hole forms from gravitational collapse of a null shell and when a mirror in flat space has
the trajectory (9). The time dependence of the particle production and its approach to a
thermal distribution is given in the second paper of this series[10].
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